Four-point rectangles can be interpolated by bilinear equations, by quadratic equations, and by cubic equations. A new cubic equation for the four-point rectangle is illustrated by numerical examples.
Introduction
The bilinear equation is the standard method for interpolating surfaces described by four data in a rectangular array. A quadratic equation for this design was illus-trated several years ago [1] . It was first derived by operational methods [2] . That method can be used to derive a cubic equation for the eight-point cube [3, 4] . The eight-point equation can be used to develop a cubic equation for the four-point rectangle [3] [4] [5] . This approach is used to recover the analytical forms of the ten coefficients in a new cubic interpolating equation for the four-point rectangle.
Development of the symbolic cubic equation
Prepare a routine that develops the cubic equation for the eight-point cube [3, 4] . Let the operator u(P) transform its argument into P 3 . Apply the routine in [3] to arguments on the bottom plane of the cube that are A=u(A), B=u(B), C=u(C), and D=u(D). The arguments on the top plane of the cube are F=u(A+t), G=u(B+t), H=u(C+t), I=u(D+t). Execute the routine. After a pause, a long equation appears. In this equation put t=0. The result is a new equation that is the symbolic form of a cubic equation for rectangle ACIG with data at vertices A,C,G,I in Fig. 1 below.
The ten coefficients in this equation are so tedious that they defy copying by hand. They were copied from the computer screen and pasted into a program for word processing. They now appeared in inelegant, fragmented forms. They were re-arranged in the word-processing program. Then they were copied from the word-processing program and transferred into a program for computer algebra. They executed satisfactorily. A numerical cubic equation for four data in a rectangular ABDC array, as in Fig. 1 , was obtained [5] . The symbols xc, yc, x2c, y2c, represent linear-term and quadratic-term coefficients, respectively. The cross-product term is xyc, the cubicterms are x3c and y3c, and the constant term is 'ct'. The terms x2yc and y2xc denote the coefficients of the x 2 y and y 2 x terms, respectively. The ten coefficients are not numbered. They are identified by their literal designations. ct:=1/2*(g+c)*(i+a)*(a^3*c^2-a^3*c*g+a^3*g^2+a^2*g*c^2-a^2*c^3+a^2*g^2*c-a^2*g^3-a^2*i*c^2+a^2*i*c*g-a^2*i*g^2-a*g^2*i^2+a*c*g*i^2-a*c^2*i^2-a*i*g*c^2+a*i*c^3-a*i*g^2*c+a*i*g^3+i^3*g^2-c*g*i^3+i^3*c^2+i^2*g*c^2-c^3*i^2+i^2*g^2*cg^3*i^2)/(a^2+c^2-g^2-i^2)/(a^2-c^2+g^2-i^2): xc:=-1/12*(-a^4*c^3*g^2+a^9+c^9+3*a^7*c^2+3*a^2*c^7-a^6*c^3-3*a^5*c^4-3*a^4*c^5-a^3*c^6+5*c^3*i^6+5*i^3*c^6 +c^7*i^2-7*i^5*c^4-7*c^5*i^4+i^7*c^2-5*a^6*i^3+ 11*a^5*i^4+11*a^4*i^5-7*a^7*i^2-5*a^3*i^6-7*a^2*i^7+ a^7*g^2+a^2*g^7+5*a^6*g^3-7*a^5*g^4-7*a^4*g^5+5*a^3*g^6-g^3*i^6-i^3*g^6+3*g^7*i^2-3*i^5*g^4-3*g^5*i^4+3*i^7*g^2-5*g^3*c^6-5*c^3*g^6-2*a^2*i^3*c^2*g^2-2*a^2*c^3*i^2*g^2-2*a^2*g^3*c^2*i^2-2*a^3*c^2*g^2*i^2+i^9+g^9-11*a^2*c^3*i^4+10*a^2*c^5*i^2+2*a^2*i^5*c^2-10*a^5*i^2*c^2+3*a^2*i^3*c^4-3*a^4*i^3*c^2+7*a^4*c^3*i^2 +7*a^3*i^4*c^2-a^3*c^4*i^2+7*a^2*g^3*i^4+10*a^2*g^5*i^2-10*a^2*i^5*g^2+2*a^5*i^2*g^2-a^2*i^3*g^4+7*a^4*i^3*g^2-11*a^4*g^3*i^2-3*a^3*i^4*g^2+3*a^3*g^4*i^2-7*c^7*g^2+ 11*g^5*c^4+11*c^5*g^4-7*g^7*c^2+7*a^2*c^3*g^4-11*a^3*c^2*g^4-3*a^2*g^3*c^4-10*a^2*c^5*g^2+ 10*a^5*c^2*g^2+3*a^4*g^3*c^2+7*a^3*c^4*g^2+2*a^2*g^5*c^2 +2*c^5*i^2*g^2-g^3*c^2*i^4+3*c^3*i^4*g^2-10*g^5*c^2*i^2+ 10*i^5*c^2*g^2+7*i^3*c^2*g^4-11*i^3*c^4*g^2-3*c^3*g^4*i^2+7*g^3*c^4*i^2)/((a^2+c^2-g^2-i^2)^2* (a^2-c^2+g^2-i^2)):
y3c:=-1/24*(-c^2+a^2-g^2+i^2)*(a^2+c^2-g^2-i^2)*(a^3-c^3 -g^3+i^3)/(a^2-c^2+g^2-i^2)^2:
G I Figure 1 . The four-point rectangle ACIG is on the left. A C yc:=-1/12*(3*a^4*c^3*g^2+a^9+c^9+a^7*c^2+a^2*c^7+5*a^6*c^3-7*a^5*c^4-7*a^4*c^5+5*a^3*c^6-c^3*i^6-i^3*c^6+3*c^7*i^2-3*i^5*c^4-3*c^5*i^4+3*i^7*c^2-5*a^6*i^3+11*a^5*i^4+ 11*a^4*i^5-7*a^7*i^2-5*a^3*i^6-7*a^2*i^7+3*a^7*g^2+ 3*a^2*g^7-a^6*g^3-3*a^5*g^4-3*a^4*g^5-a^3*g^6+ 5*g^3*i^6+5*i^3*g^6+g^7*i^2-7*i^5*g^4-7*g^5*i^4+i^7*g^2-5*g^3*c^6-5*c^3*g^6-2*a^2*i^3*c^2*g^2-2*a^2*c^3*i^2*g^2-2*a^2*g^3*c^2*i^2-2*a^3*c^2*g^2*i^2+i^9+g^9+ 7*a^2*c^3*i^4+10*a^2*c^5*i^2-10*a^2*i^5*c^2+ 2*a^5*i^2*c^2-a^2*i^3*c^4+7*a^4*i^3*c^2-11*a^4*c^3*i^2-3*a^3*i^4*c^2+3*a^3*c^4*i^2-11*a^2*g^3*i^4+10*a^2*g^5*i^2+2*a^2*i^5*g^2-10*a^5*i^2*g^2+3*a^2*i^3*g^4-3*a^4*i^3*g^2+7*a^4*g^3*i^2+7*a^3*i^4*g^2-a^3*g^4*i^2-7*c^7*g^2+11*g^5*c^4+11*c^5*g^4-7*g^7*c^2-3*a^2*c^3*g^4+7*a^3*c^2*g^4+7*a^2*g^3*c^4+2*a^2*c^5*g^2+ 10*a^5*c^2*g^2-a^4*g^3*c^2-11*a^3*c^4*g^2-10*a^2*g^5*c^2-10*c^5*i^2*g^2+3*g^3*c^2*i^4-c^3*i^4*g^2+ 2*g^5*c^2*i^2+10*i^5*c^2*g^2-11*i^3*c^2*g^4+ 7*i^3*c^4*g^2+7*c^3*g^4*i^2-3*g^3*c^4*i^2) /((a^2+c^2-g^2-i^2)*(a^2-c^2+g^2-i^2)^2):
T3:=ct+xc*x+yc*y+x2c*x^2+xyc*x*y+y2c*y^2+x3c*x^3+x2yc* x^2*y+xy2c*x*y^2+y3c*y^3:
In ,C=3.
(1/3) ,G=7.
(1/3)
, I=9. , not by 1.442. After the rational form of Eq. (T3) is developed, it can be converted to decimal notation using extended precision calculations.
A curious application of Eq. (T3) uses A=1 2 ,C=3 2 ,G=7 2 ,I=9 2 . The data for Eq. (T3) are A=1 (1/3) ,C=9 (1/3) ,G=49 (1/3) ,I=81 (1/3) . The result is Eq. 
If the data are generated by A=1 4 ,C=3 4 ,G=7 4 ,I=9 4 . The data for Eq. (T3) are A=1 (4/3) , C=3 (4/3) , G=7 (4/3) , I=9 (4/3) . The interpolating equation is Eq. (4). It can be compared to Eq. (8) in [5] . Both equations reproduce the original data. The method that renders a better estimate of the center point, if it is known, is usually the preferred choice. 
